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Abstract. In the paper, the authors prove that the functions
∣∣∣ψ(i)(ex)

∣∣∣ for i ∈N are subadditive on (lnθi,∞)
and superadditive on (−∞, lnθi), where θi ∈ (0, 1) is the unique root of equation 2

∣∣∣ψ(i)(θ)
∣∣∣ =

∣∣∣ψ(i)(θ2)
∣∣∣.

1. Introduction

Recall [5, 7, 9] that a function f is said to be subadditive on I if

f (x + y) ≤ f (x) + f (y)

holds for all x, y ∈ I such that x + y ∈ I. If the above inequality is reversed, then f is called superadditive on
the interval I.

The subadditive and superadditive functions play an important role in the theory of differential equa-
tions, in the study of semi-groups, in number theory, and also in the theory of convex bodies. A lot of
literature for subadditive and superadditive functions can be found in [5, 7, 12, 18] and related references
therein.

It is well-known that the classical Euler gamma function Γ(x) may be defined for x > 0 by

Γ(x) =

∫
∞

0
tx−1e−t d t.

The logarithmic derivative of Γ(x), denoted by ψ(x) =
Γ′(x)
Γ(x) , is called the psi or digamma function, and

ψ(k)(x) for k ∈ N are called the polygamma functions. It is common knowledge that these functions are
fundamental and important and that they have much extensive applications in mathematical sciences.

2010 Mathematics Subject Classification. Primary 33B15, 39B62; Secondary 26A51, 26D07
Keywords. subadditive function; superadditive function; polygamma function
Received: 7 November 2013; Revised: 23 February 2014; Accepted: 24 February 2014
Communicated by H. M. Srivastava
The second author was partially supported by the China Scholarship Council and by the NNSF under Grant No. 11361038

of China. The third author was supported in part by the Natural Science Foundation Project of Chongqing, China under Grant
CSTC2011JJA00024, the Research Project of Science and Technology of Chongqing Education Commission, China under Grant
KJ120625, and the Fund of Chongqing Normal University, China under Grant 10XLR017 and 2011XLZ07.

Email addresses: bai.ni.guo@gmail.com, bai.ni.guo@hotmail.com (Bai-Ni Guo), qifeng618@gmail.com,
qifeng618@hotmail.com, qifeng618@qq.com (Feng Qi), luomath@126.com, luomath2007@163.com (Qiu-Ming Luo)

URL: http://www.researcherid.com/rid/C-8032-2013 (Bai-Ni Guo), http://qifeng618.wordpress.com (Feng Qi)



B.-N. Guo, F. Qi, Q.-M. Luo / Filomat 29:5 (2015), 1063–1066 1064

In [6], the function ψ(a + x) is proved to be submultiplicative with respect to x ∈ [0,∞) if and only if
a ≥ a0, where a0 denotes the only positive real number which satisfies ψ(a0) = 1.

In [7], the function [Γ(x)]α was proved to be subadditive on (0,∞) if and only if ln 2
ln ∆ ≤ α ≤ 0, where

∆ = min
x≥0

Γ(2x)
Γ(x)

.

In [3, Lemma 2.4], the function ψ(ex) was proved to be strictly concave on R.
In [9, Theorem 3.1], the function ψ(a + ex) is proved to be subadditive on (−∞,∞) if and only if a ≥ c0,

where c0 is the only positive zero of ψ(x).
In [8, Theorem 1], among other things, it was presented that the function ψ(k)(ex) for k ∈ N is concave

(or convex, respectively) on R if k = 2n − 2 (or k = 2n − 1, respectively) for n ∈N.
In [12, 18], some new results on additivity of the remainder of Binet’s first formula for the logarithm of

the gamma function were established.
For more information on this topic, please refer to [4, 20], especially the monograph [21], and closely

related references therein.
In this paper, by employing results in [19], we discuss subadditive and superadditive properties of

polygamma functions ψ(i)(ex) for i ∈N.
Our main result may be recited as the following Theorem 1.1.

Theorem 1.1. The functions
∣∣∣ψ(i)(ex)

∣∣∣ for i ∈N are superadditive on (−∞, lnθi) and subadditive on (lnθi,∞), where
θi ∈ (0, 1) is the unique root of equation

2
∣∣∣ψ(i)(θ)

∣∣∣ =
∣∣∣ψ(i)(θ2)

∣∣∣.
2. Proof of Theorem 1.1

Let

fi(x, y) =
∣∣∣ψ(i)(x)

∣∣∣ +
∣∣∣ψ(i)(y)

∣∣∣ − ∣∣∣ψ(i)(xy)
∣∣∣

for x > 0 and y > 0, where i ∈N. It is clear that fi(x, y) = fi(y, x).
In order to show Theorem 1.1, it is sufficient to prove the positivity or negativity of the function fi(x, y).

Direct differentiation yields

∂ fi(x, y)
∂x

= y
∣∣∣ψ(i+1)(xy)

∣∣∣ − ∣∣∣ψ(i+1)(x)
∣∣∣ =

1
x

[
xy

∣∣∣ψ(i+1)(xy)
∣∣∣ − x

∣∣∣ψ(i+1)(x)
∣∣∣].

In [2, Lemma 1] and [10, 19], among other things, the functions xα
∣∣∣ψ(i)(x)

∣∣∣ are proved to be strictly increasing
on (0,∞) if and only if α ≥ i+1 and strictly decreasing if and only if α ≤ i. From this monotonicity, it follows
easily that

∂ fi(x, y)
∂x

R 0

if and only if y Q 1, which means that the function fi(x, y) is strictly increasing for y < 1 and strictly
decreasing for y > 1 in x ∈ (0,∞). By the integral representation

ψ(k)(x) = (−1)k+1
∫
∞

0

tk

1 − e−t e−xt d t, x > 0, k ∈N

in [1, p. 260, 6.4.1], it is easy to see that

lim
x→∞

fi(x, y) =
∣∣∣ψ(i)(y)

∣∣∣ > 0,

then the function fi(x, y) is positive in x ∈ (0,∞) for y > 1.
For y < 1, by virtue of the increasing monotonicity of fi(x, y), it is deduced that
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1. if x > 1, then

fi(1, y) =
∣∣∣ψ(i)(1)

∣∣∣ < fi(x, y) <
∣∣∣ψ(i)(y)

∣∣∣;
2. if x < 1, then

fi(x, y) < fi(1, y) =
∣∣∣ψ(i)(1)

∣∣∣;
3. if y < x < 1, then

fi(y, y) < fi(x, y) < fi(x, x).

This implies that

fi(θ, θ) = 2
∣∣∣ψ(i)(θ)

∣∣∣ − ∣∣∣ψ(i)(θ2)
∣∣∣ < fi(x, y)

for y < 1, where θ < 1 with θ < x and θ < y.
Using the double inequality

(k − 1)!
xk

+
k!

2xk+1
< (−1)k+1ψ(k)(x) <

(k − 1)!
xk

+
k!

xk+1

for x > 0 and k ∈N in [10, p. 131], [11, Lemma 3], [15], [17, p. 79], and [19, Lemma 3], we obtain

fi(θ, θ) <
(i − 1)!
θi

[
2 +

2i
θ
−

1
θi −

i
2θi+2

]
→ −∞

as θ→ 0+, so

lim
θ→0+

fi(θ, θ) = −∞.

Combining this limit with the facts that

fi(1, 1) =
∣∣∣ψ(i)(1)

∣∣∣ > 0

and that the function fi(θ, θ) is strictly increasing on (0, 1) yields that the function fi(θ, θ) has a unique zero
θi ∈ (0, 1) such that fi(θ, θ) > 0 for 1 > θ > θi.

In conclusion, the function fi(x, y) is positive for x, y > θi, and negative for 0 < x, y < θi. The proof of
Theorem 1.1 is complete.

Remark 2.1. Recently, some new properties of the polygamma functions ψ(i)(x) for i ∈ N were investigated
in the papers [13, 14].

Remark 2.2. This paper is a revised version of the preprint [16].

Acknowledgements
The authors thank the anonymous referees and the editor for their valuable comments on the original

version of this paper.

References

[1] M. Abramowitz and I. A. Stegun (Eds), Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables, National
Bureau of Standards, Applied Mathematics Series 55, 10th printing, with corrections, Washington, 1972.

[2] H. Alzer, Mean-value inequalities for the polygamma functions, Aequationes Math. 61 (2001), no. 1, 151–161; Available online at
http://dx.doi.org/10.1007/s000100050167.

[3] H. Alzer, Sharp inequalities for the digamma and polygamma functions, Forum Math. 16 (2004), 181–221; Available online at http:
//dx.doi.org/10.1515/form.2004.009.

http://dx.doi.org/10.1007/s000100050167
http://dx.doi.org/10.1515/form.2004.009
http://dx.doi.org/10.1515/form.2004.009


B.-N. Guo, F. Qi, Q.-M. Luo / Filomat 29:5 (2015), 1063–1066 1066

[4] H. Alzer, Sub- and superadditive properties of Euler’s gamma function, Proc. Amer. Math. Soc. 135 (2007), no. 11, 3641–3648; Available
online at http://dx.doi.org/10.1090/S0002-9939-07-09057-0.

[5] H. Alzer and S. Koumandos, Sub- and super-additive properties of Fejér’s sine polynomial, Bull. London Math. Soc. 38 (2006), no. 2,
261–268; Available online at http://dx.doi.org/10.1112/S0024609306018273.

[6] H. Alzer and O. G. Ruehr, A submultiplicative property of the psi function, J. Comput. Appl. Math. 101 (1999), 53–60; Available online
at http://dx.doi.org/10.1016/S0377-0427(98)00190-3.

[7] H. Alzer and S. Ruscheweyh, A subadditive property of the gamma function, J. Math. Anal. Appl. 285 (2003), 564–577; Available
online at http://dx.doi.org/10.1016/S0022-247X(03)00425-6.

[8] J. Cao, D.-W. Niu and F. Qi, Convexities of some functions involving the polygamma functions, Appl. Math. E-Notes 8 (2008), 53–57.
[9] P. Gao, A subadditive property of the digamma function, RGMIA Res. Rep. Coll. 8 (2005), no. 3, Art. 9; Available online at http:
//rgmia.org/v8n3.php.

[10] B.-N. Guo, R.-J. Chen, and F. Qi, A class of completely monotonic functions involving the polygamma functions, J. Math. Anal. Approx.
Theory 1 (2006), no. 2, 124–134.

[11] B.-N. Guo and F. Qi, Two new proofs of the complete monotonicity of a function involving the psi function, Bull. Korean Math. Soc. 47
(2010), no. 1, 103–111; Available online at http://dx.doi.org/10.4134/bkms.2010.47.1.103.

[12] S. Guo and F. Qi, A class of completely monotonic functions related to the remainder of Binet’s formula with applications, Tamsui Oxf. J.
Math. Sci. 25 (2009), no. 1, 9–14.

[13] A. Prabhu and H. M. Srivastava, Some limit formulas for the Gamma and Psi (or Digamma) functions at their singularities, Integral
Transforms Spec. Funct. 22 (2011), no. 8, 587–592; Available online at http://dx.doi.org/10.1080/10652469.2010.535970.

[14] F. Qi, Limit formulas for ratios between derivatives of the gamma and digamma functions at their singularities, Filomat 27 (2013), no. 4,
601–604; Available online at http://dx.doi.org/10.2298/FIL1304601Q.

[15] F. Qi and B.-N. Guo, A logarithmically completely monotonic function involving the gamma function, Taiwanese J. Math. 14 (2010),
no. 4, 1623–1628.

[16] F. Qi and B.-N. Guo, A note on additivity of polygamma functions, available online at http://arxiv.org/abs/0903.0888.
[17] F. Qi and B.-N. Guo, Necessary and sufficient conditions for functions involving the tri- and tetra-gamma functions to be completely

monotonic, Adv. Appl. Math. 44 (2010), no. 1, 71–83; Available online at http://dx.doi.org/10.1016/j.aam.2009.03.003.
[18] F. Qi and B.-N. Guo, Some properties of extended remainder of Binet’s first formula for logarithm of gamma function, Math. Slovaca 60

(2010), no. 4, 461–470; Available online at http://dx.doi.org/10.2478/s12175-010-0025-7.
[19] F. Qi, S. Guo, and B.-N. Guo, Complete monotonicity of some functions involving polygamma functions, J. Comput. Appl. Math. 233

(2010), no. 9, 2149–2160; Available online at http://dx.doi.org/10.1016/j.cam.2009.09.044.
[20] S. P. S. Rathore, On subadditive and superadditive functions, Amer. Math. Monthly 72 (1965), no. 6, 653–654; Available online at

http://dx.doi.org/10.2307/2313865.
[21] H. M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series and Integrals, Elsevier, 2012.

http://dx.doi.org/10.1090/S0002-9939-07-09057-0
http://dx.doi.org/10.1112/S0024609306018273
http://dx.doi.org/10.1016/S0377-0427(98)00190-3
http://dx.doi.org/10.1016/S0022-247X(03)00425-6
http://rgmia.org/v8n3.php
http://rgmia.org/v8n3.php
http://dx.doi.org/10.4134/bkms.2010.47.1.103
http://dx.doi.org/10.1080/10652469.2010.535970
http://dx.doi.org/10.2298/FIL1304601Q
http://arxiv.org/abs/0903.0888
http://dx.doi.org/10.1016/j.aam.2009.03.003
http://dx.doi.org/10.2478/s12175-010-0025-7
http://dx.doi.org/10.1016/j.cam.2009.09.044
http://dx.doi.org/10.2307/2313865

	Introduction
	Proof of Theorem 1.1

